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a b s t r a c t
In this paper we are interested in finding a partition of Zn such
that the component sets satisfy two properties: the first one says
that the double of each element of every set is congruent modulo n
with the consecutive element of the same set; the second property
states that there exist two distinct elements in each set such that
their sum modulo n belongs to the successive set. What is this
decomposition useful for? It permits one to find the structure of
a complete hypergroup H in some particular cases.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The hypergroup theory, a generalization of the group theory, was introduced by Marty [19] at
the 8th Congress of the Scandinavian Mathematicians. Since the beginning, the two theories were
very much connected; each of them offered and still offers tools for solving various aspects of the
other one. The hyperstructures are now studied extensively, both from the theoretical point of view
and, above all, for their numerous applications; some of them, especially those from the last few
decades, are presented in [6] and they are connected with non-Euclidean geometries, graphs and
hypergraphs, binary relations, fuzzy sets and rough sets, automata, codes, cryptography, artificial
intelligence, probabilities, lattices and so on. Recently, new connections between hypergroups and
the tolerance space [16] or between n-hypergroups and fuzzy sets or rough sets [13–15,18,21] have
been established. For more details on hypergroups and their properties see [2].
We recall here the definitions of a hypergroup and of a complete hypergroup. LetH be a nonempty
set and P ∗(H) the set of all nonempty subsets of H .
A nonempty set H endowed with a hyperoperation, that is a function ◦ : H2 −→ P ∗(H), is called
a hypergroupoid, where by P ∗(H) we denote the set of all nonempty subsets of H . The image of the
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pair (x, y) ∈ H × H is denoted by x ◦ y. Moreover, for any x ∈ H and A, B ⊆ H , by A ◦ B, A ◦ x and x ◦ B
we mean A ◦ B = ⋃ a∈A
b∈B
a ◦ b, A ◦ x = A ◦ {x} and x ◦ B = {x} ◦ B, respectively. If the hyperoperation
satisfies the following conditions:
(i) for any (a, b, c) ∈ H3, (a ◦ b) ◦ c = a ◦ (b ◦ c) (the associativity);
(ii) for all a ∈ H,H ◦ a = a ◦ H = H (the reproduction law);
then the hypergroupoid (H, ◦) is a hypergroup.
Moreover, a complete hypergroup H can be represented as the union of the sets H = ⋃g∈G Ag
indexed by elements of a group G, with Ag ⊂ H , for any g ∈ G, such that:
(i) For any (g1, g2) ∈ G2, g1 6= g2, we have Ag1 ∩ Ag2 = ∅.
(ii) If (a, b) ∈ Ag1 × Ag2 , then a ◦ b = Ag1g2 .
With any complete hypergroup H of order n, that is |H| = n, n ∈ N∗, H = ⋃g∈G Ag , where
G = {g1, g2, . . . , gm}, we associate an m-tuple, 1 < m < n, m, n ∈ N∗, denoted by [k1, k2, . . . , km],
where, for any i ∈ {1, 2, . . . ,m}, ki = |Agi |, ki ≥ 1 and
∑m
i=1 ki = n (see [5,8]).
Since a complete hypergroup may be constructed using the structure of a group G, it is natural
to investigate the group G in order to obtain the structure of the hypergroup H . For this reason we
consider the well known group Zn (n = p, or n = p2, or n = pq, p, q prime numbers) and observe that
there is a special partition of it which leads to a characterization of them-tuple [k1, . . . , km] associated
with a complete hypergroup H =⋃g∈G Ag , where G is isomorphic to Zn (see the fourth section of the
paper).
In this workwe deal with a special decomposition of the groupZn, when n = pq, where p and q are
distinct odd primes. We carry out a partition of the group Zn such that the component sets satisfy two
properties, called (L1) and (L2), which can be defined for an arbitrary family of finite ordered subsets
of Zn; the first one gives an order of the elements of each set of the family and the second one refers
to the sum of two distinct elements of every set which does not belong to the same set.
2. Preliminaries
In what follows, p denotes an odd prime and U(Zn) the multiplicative group of units of Zn; it
consists of all elements a ∈ {1, 2, . . . , n− 1} that are coprime with n. It is well known that this group
has ϕ(n) elements, where ϕ is Euler’s function and for a prime p, |U(Zpk)| = ϕ(pk) = (p − 1)pk−1.
Moreover, the groups U(Zp) and U(Zp2) are cyclic and a generator of each one is called a primitive
root modulo p or p2, respectively.
The results that we obtain in this paper take into account the notion of the Wieferich prime.
Definition 1 ([20]). A Wieferich prime is a prime p which is a solution of the congruence equation
2p−1 ≡ 1(mod p2).
These numbers are very rare; the first two are 1093 and 3511, with no others less than 4·1012
[1,7,17].
The authors have found in [12] an interesting application of Wieferich primes to the group theory;
more exactly they succeeded in finding the order of the element 2¯ modulo p2 which depends on the
order of 2¯ modulo p. We state here this result.
Proposition 2 ([12]). If the order of 2¯(mod p) is k, then the order of 2¯(mod p2) is pk if p is not a
Wieferich prime and it is equal to k otherwise.
3. Main results
Our goal is to determine a decomposition of the group Zn as a partition where the component sets
satisfy two properties: the first one says that the double of each element of every set is congruent
modulo n with the consecutive element of the same set; the second property states that there exist
two distinct elements in each set such that their sum modulo n belongs to the successive set.
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More exactly, to simplify the notation, we introduce, for an arbitrary familyM = {Mi}ti=1 of finite
ordered distinct nonempty subsets of Zn, with Mi = {xi,1, xi,2, . . . , xi,s}, s, t ∈ N∗, two properties
called (L1) and (L2).
(1) M has the property (L1) if, for any i ∈ {1, . . . , t} and j ∈ {1, . . . , s}, 2xi,j ≡ xi,j+1(mod n) and
2xi,s ≡ xi,1(mod n).
(2) M has the property (L2) if, for any i ∈ {1, . . . , t} there exist ji 6= li ∈ {1, . . . , s} such that
xi,ji + xi,li ∈ Mi+1; by convention t + 1 is defined to be 1.
To start with we recall the form of the decomposition obtained in [12] for Zp and Zp2 and secondly
we give it for Zpq, with p and q distinct odd primes.
Let p be an odd prime; let k be the order of 2¯ in the groupU(Zp) and let t denote the index of the
subgroup generated by 2¯ inU(Zp), that is [U(Zp) : 〈2¯〉] = t .
Theorem 3 ([12]). Set ordU(Zp)2¯ = k < p− 1. Then we have the following decomposition:
Z∗p =
t⋃
i=1
Mi,
with M1 = 〈2¯〉 and for any i ∈ {1, 2, . . . , t}, |Mi| = k. Moreover the sets Mi are disjoint and satisfy the
properties (L1) and (L2).
Remark 4. It is obvious that, if ordU(Zp)2¯ = k = p − 1, then Z∗p = 〈2¯〉; in this case the property (L1)
holds, but (L2) does not hold.
Theorem 5 ([12]). If the odd prime p is not a Wieferich prime, we obtain the decomposition
Z∗p2 =
t⋃
i=1
M1,i ∪M2,i,
with |M1,i| = pk, |M2,i| = k, 1 ≤ i ≤ t, for any i 6= i′, M1,i ∩M1,i′ = ∅, M2,i ∩M2,i′ = ∅, M1,1 = 〈2¯〉 and
M2,i = p¯ ·M1,i, 1 ≤ i ≤ t. Moreover, the sets M1,i and M2,i satisfy the properties (L1) and (L2).
Theorem 6 ([12]). If p is a Wieferich prime, then we find the decomposition
Z∗p2 =
pt⋃
i=1
M1,i ∪
t⋃
l=1
M2,l,
with |M1,i| = |M2,l| = k, 1 ≤ i ≤ pt, 1 ≤ l ≤ t, l, t ∈ N∗, and, for any i 6= j ∈ N∗, for any l 6= m ∈ N∗,
M1,i ∩M1,j = ∅, M2,l ∩M2,m = ∅, M2,l = p¯ ·M1,l, 1 ≤ l ≤ t. Moreover, the sets M1,i and M2,l satisfy the
properties (L1) and (L2).
Example 7. Since the Wieferich primes are very rare, we present in the following an example for the
decomposition of Zp2 , with p not a Wieferich prime, for instance p = 7.
We obtain that k = ordU(Zp)2¯ = 3 and t = [U(Zp) : 〈2¯〉] = 2, then, by Theorem 5, we write
Zp2 = {0¯} ∪M1,1 ∪M1,2 ∪M2,1 ∪M2,2, where
M1,1 = 〈2¯〉 = {1, 2, 4, 8, 16, 32, 15, 30, 11, 22, 44, 39, 29, 9, 18, 36, 23, 46, 43, 37, 25}.
We note that there exist 1 6= 2 ∈ M1,1 such that 1+ 2 = 3 6∈ M1,1, so set
M1,2 = 3 ·M1,1
= {3, 6, 12, 24, 48, 47, 45, 41, 33, 17, 34, 19, 38, 27, 5, 10, 20, 40, 31, 13, 26}.
Then takeM2,1 = p ·M1,1 = {7, 14, 28}; since there exist 7 6= 14 ∈ M2,1 such that 7+14 = 21 6∈ M2,1
we takeM2,2 = {21, 42, 35}. Moreover, the assertions (L1), (L2) are fulfilled.
Now let p and q be two distinct odd primes, (p, q) 6= (3, 5).
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Lemma 8. Let d = ordU(Zpq)2¯. If t = [U(Zpq) : 〈2¯〉], then we can choose a set of right transversals of
the subgroup 〈2¯〉 of U(Zpq), like {u¯1 = 1¯, u¯2, . . . , u¯t}, such that we have the decomposition
U(Zpq) =
t⋃
l=1
M1,l,
whereM1,1 = 〈2¯〉, M1,l = u¯l ·M1,1, for any l ∈ {1, 2, . . . , t}, and the conditions (L1) and (L2) are satisfied.
Proof. First we note that, if the multiplicative order of 2¯ as an element of Zp or Zq is d1 or d2
respectively, then the order of 2¯ as an element of Zpq is equal to the least common multiple of d1
and d2, denoted by d, i.e., l.c.m.[d1, d2] = d. But p and q are assumed to be distinct odd primes,
(p, q) 6= (3, 5); hence we may assume p ≥ 3 and q ≥ 7, from which it follows that d ≥ 6.
Now we choose a set of right transversals of the subgroup M1,1 = 〈2¯〉 of U(Zpq), like u¯1 =
1¯, u¯2, . . . , u¯t , such thatU(Zpq) =⋃tl=1M1,l, whereM1,l = u¯l ·M1,1 = {2mul, 1 ≤ l ≤ t, 1 ≤ m ≤ d}.
It is clear that the property (L1) is fulfilled.
We saw in the proof of Proposition 3.1 in [12] that for the property (L2)we must have
u¯l+1 = (2ml + 2nl)ul, 1 ≤ l ≤ t, ml 6= nl ∈ {1, . . . , d}. (1)
Sowe have to define the coset representatives ul according to the above formula.We do it inductively.
If l = t we must choose distinct mt and nt from {1, . . . , d} such that u¯t+1 not= 1¯ = (2mt + 2nt )ut ; this
means that 2mt + 2nt is invertible, that is g.c.d.(2mt + 2nt , p) = 1 and g.c.d.(2mt + 2nt , q) = 1. Since
d ≥ 6, there existmt 6= nt ∈ {1, . . . , d} such that p - 2mt + 2nt or q - 2mt + 2nt ; otherwise we obtain
pq | 2+ 22, pq | 2+ 23 and pq | 2+ 25, a contradiction.
Having chosen u¯t as the inverse of 2mt + 2nt , we proceed by induction to choose the other ui’s.
Moreover, the sets M1,l are distinct: u¯t 6∈ M1,1 and we choose u¯t−1 ∈ Z∗pq \ M1,t and inductively
u¯i+1 ∈ Z∗pq \
⋃t
l=iM1,l. 
Now we can give a more general result, that is the partition for the groupU(Zpmqn), m, n ∈ N∗. It
is easy to see that the proof is similar to that of the previous lemma and therefore we omit it.
Proposition 9. Let p and q be two distinct odd primes, (p, q) 6= (3, 5) and d = ordU(Zpmqn )2¯. If t =
[U(Zpmqn) : 〈2¯〉], then we can choose a set of right transversals of the subgroup 〈2¯〉 of the multiplicative
groupU(Zpmqn), like {u¯1 = 1¯, u¯2, . . . , u¯t}, such that we get the decomposition
U(Zpmqn) =
t⋃
l=1
M1,l,
where M1,1 = 〈2¯〉, M1,l = u¯l ·M1,1 and the conditions (L1) and (L2) are satisfied.
Example 10. Let (p, q) = (3, 5). We show thatU(Z15) doesn’t verify the property (L2), but only the
property (L1).
Indeed U(Z15) = {1¯, 2¯, 4¯, 7¯, 8¯, 1¯1, 1¯3, 1¯4} and M1,1 = 〈2¯〉 = {1¯, 2¯, 4¯, 8¯}. If we take M1,2 =
7¯ ·M1,1 = {7¯, 1¯4, 1¯3, 1¯1}, then the property (L1) is verified, but the property (L2) is not: there are no
elements x 6= y ∈ M1,1 such that x+ y ∈ U(Z15) \M1,1.
Lemma 11. With the same hypothesis and notation as in Lemma 8, we define a = [U(Zp) : 〈2¯〉] and
b = [U(Zq) : 〈2¯〉]. We obtain the decomposition
Z∗pq \U(Zpq) =
b⋃
i=1
M2,i ∪
a⋃
j=1
M3,j,
where the sets M2,i and M3,j are disjoint and satisfy the properties (L1) and (L2). Moreover, M2,i = p ·M1,i,
M3,j = q ·M1,j and |M2,i| = d2, |M3,j| = d1, with 1 ≤ i ≤ b, 1 ≤ j ≤ a.
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Proof. First we observe that |M2,1| = d2 and |M3,1| = d1; since d1 = ordU(Zp)2¯ and d2 = ordU(Zq)2¯,
we have p · 2d2 ≡ p(mod pq) and q · 2d1 ≡ q(mod pq).
Moreover, for any i ∈ {1, . . . , b} and any j ∈ {1, . . . , a}, the cardinality of M2,i is d2 and of M3,j is
d1. We prove the first assertion; the second one may be shown similarly. For simplicity we define, for
any l ∈ {1, . . . , t} and any i ∈ {1, . . . , b},
M1,l = {el,1, el,2, . . . , el,d},
M2,i = p¯ ·M1,i = {fi,1, fi,2, . . . , fi,d}.
Then fi,j = p¯ · ei,j, 1 ≤ i ≤ b, 1 ≤ j ≤ d. For any j, 1 ≤ j ≤ d, we write j = rd2+ s, 1 ≤ s ≤ d2 and then
fi,j ≡ p · ei,rd2+s ≡ p · 2rd2+s−1 · ei,1 ≡ p · 2s−1ei,1 ≡ p · ei,s ≡ fi,s(mod pq) (2)
(since q divides 2rd2 − 1). Therefore |M2,i| = d2.
Since the setsM1,l are all distinct, it results that the setsM2,i = p¯ ·M1,i andM3,j = q¯ ·M1,j are also
distinct.
Since the sets M1,l (l ∈ {1, . . . , t}) satisfy the properties (L1) and (L2), it results that the sets M2,i
(i ∈ {1, . . . , b}) andM3,j (j ∈ {1, . . . , a}) also satisfy the same properties.
Indeed, for any i ∈ {1, . . . , b}, any u ∈ {1, . . . , d2 − 1}, we obtain 2fi,u ≡ 2p · ei,u ≡ p · ei,u+1 ≡
fi,u+1(mod pq) and 2fi,d2 ≡ fi,1·d2+1 ≡ fi,1(mod pq) (by the relation (2)).
Finally, from the property (L2) for the M1,i’s, it follows that there exist ji 6= li ∈ {1, . . . , d} such
that ei,ji + ei,li ∈ M1,i+1 and therefore fi,ji + fi,li ∈ M2,i+1. It remains to prove that ji, li can be found in
the set {1, 2, . . . , d2}. If ji > d2 or li > d2, that is ji = rjid2 + sji or li = rlid2 + sli , with sji , sli < d2,
then, by (2), it follows that fi,ji + fi,li ≡ fi,sji + fi,sli ∈ M2,i+1.
Similarly we may prove that the setsM3,j satisfy the properties (L1) and (L2). 
Now, using the previous lemmas, we may give the main result of this section.
Theorem 12. Let p and q be two distinct odd primes, (p, q) 6= (3, 5). We define d = ordU(Zpq)2¯,
d1 = ordU(Zp)2¯ and d2 = ordU(Zq)2¯. If t = [U(Zpq) : 〈2¯〉], a = [U(Zp) : 〈2¯〉] and b = [U(Zq) : 〈2¯〉],
then we get the decomposition
Z∗pq =
t⋃
l=1
M1,l ∪
b⋃
i=1
M2,i ∪
a⋃
j=1
M3,j,
where the sets M1,l, M2,i and M3,j are disjoint and satisfy the properties (L1) and (L2). Moreover, M1,1 =
〈2¯〉, M2,i = p · M1,i, M3,j = q · M1,j and |M1,l| = d, |M2,i| = d2, |M3,j| = d1, with 1 ≤ l ≤ t, 1 ≤ i ≤ b,
1 ≤ j ≤ a.
4. An application of the decomposition of Zpq
In the last few decades, there has been a considerable interest in studying connections between
algebraic hyperstructures and fuzzy sets: both to investigate the crisp hyperoperations through fuzzy
sets, and to define fuzzy hyperoperations. For more details on these approaches the reader is referred
to [9,10,22–25].
In 1993, Corsini defined [3] a hyperoperation on a nonempty set H endowed with a fuzzy set µ:
x ◦ y = {z | µ(x) ∧ µ(y) ≤ µ(z) ≤ µ(x) ∨ µ(y)}.
Later on, he associated [4] with any hypergroup 〈H, ◦〉 a fuzzy subset µ˜ of H in the following way: for
any u ∈ H , we consider
µ˜(u) = q(u)−1
∑
(x,y)∈Q (u)
1
|x ◦ y| , (ω)
where Q (u) = {(a, b) ∈ H2 | u ∈ a ◦ b}, q(u) = |Q (u)| and, for any (x, y) ∈ H2, the set x ◦ y is finite.
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Combining the two preceding constructions, one can associate with a hypergroup a sequence
of particular commutative hypergroups, called join spaces, and fuzzy sets. This argument has been
studied in general, for an arbitrary hypergroup, and also for complete hypergroups [10,11].
On the other hand, it is interesting to see when the fuzzy subset µ˜ associated, like in (ω), with a
complete hypergroup is a fuzzy subhypergroup of it, that is when µ˜ satisfies the relations:
(FSH1) For any x, y ∈ H , µ˜(x) ∧ µ˜(y) ≤ inf{µ˜(u) | u ∈ x ◦ y}.
(FSH2) For all x, a ∈ H , there exists y1 ∈ H such that x ∈ a ◦ y1 and µ˜(a) ∧ µ˜(x) ≤ µ˜(y1).
(FSH3) For all x, a ∈ H , there exists y2 ∈ H such that x ∈ y2 ◦ a and µ˜(a) ∧ µ˜(x) ≤ µ˜(y2).
The answer of this question is given in [11] by the following result:
Theorem 13 (Theorem 4.2, [11]). Let H = ⋃g∈G Ag be a finite complete hypergroup such that G is
isomorphic with (Zpq,+), p and q distinct odd primes. Then µ˜ is a fuzzy subhypergroup of 〈H, ◦〉 if and
only if the pq-tuple [k0, k1, . . . , kpq−1] associated with H satisfies the relations
k0 ≤ kp ∨ kq ≤ k1 (3)
klp = kp, with l ∈ N∗, l < q (4)
kjq = kq, with j ∈ N∗, j < p (5)
ki = k1, i ∈ I(pq− 1) \ ({lp | l ∈ N∗, l < q} ∪ {jq | j ∈ N∗, j < p}), (6)
where we define I(n) = {1, 2, . . . , n}.
The proof of this theorem is based on the partition of Zpq like in Theorem 12.
5. Conclusions
In this paper we have continued the study of the decomposition of the group Zn, started by the
same authors in [12]. In the first work we have analyzed the cases n = p and n = p2, for p a prime
number; herewe have considered n = pq, where p and q are distinct odd primes. Themethod consists
in choosing a set of right transversals of the subgroup of U(Zn) generated by the element 2¯ and
constructing a partition forU(Zn) and similarly for Z∗n \U(Zn).
This decomposition of Zn is extremely useful in hypergroup theory because it allows us to
determine the structure of the complete hypergroups H obtained from a group G isomorphic to
(Zn,+) such that a certain fuzzy set µ˜ : H −→ [0, 1] is a fuzzy subhypergroup of H (see [10,11]).
It would be interesting to find an algorithm for obtaining the same decomposition in the general
case, when the group G is isomorphic to (Zn,+), n an arbitrary number, based on the decomposition
of n as a product of its prime factors.
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